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Let (X, |l. % be a normed linear space. Show that

1. (a)
the following assertions are equivalent 8
(iy X is aBanach space
(ii) Every absolutely convergent series in X
converges.

(b) Letpbeareal numbersuchthatl <p< oo.Denote
by p", the space of all n-tuples x = <x, x., ... X >
of scalars. Show that p" is a Banach space under

..I_
the norm 1/p. |!:rc||“=[z:]:-|£,-|"]p : <
i=l
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Let N be a normed linear splacé-nver a field
(C or R). Then prove that the mapping :
FIN*N = f(x,y)=x+yandg:F x N —
f(a, X) = ax are continuous. 8
Prove that the linear space g~ of all bounded

scalar sequences with the sup norm is a Banach

space. 8

Unit—II

Let N and N' be normed linear spaces and T he a
continuous linear transformation of N into N' If
M is the null space of T, then prove that T induces
a natural linear transformation T of N / M into
N are that ||T7)| = ||Ti|. ' 8
et N and N' be normed linear spaces and T be a
lincar transformation of N' into N. Show that the
inverse T exists and s continuous on its domain
of definition if and only if'there exists a constant

m = Osuchthatm || x| < || T{(x)|| v x € N. b

If°I" is bounded linear operator such that its inverse

T-! exists prove that T-' is also continuous. 8
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~ Let N be a normed linear space over the field k. If

T, S € B (N, N), then show that ST € B (N, N) and
ISTI<|SH.ITI. - 8

Unit—III

Define reflexive space. Prove that fp( p=1)is
reflexive. 8

Show that if a normed space is reflexive then it is

necessarily a Banachs\ ce. Give an example to .

show that the con e is not true in general. 8

Q‘Z}
Let X and Y@x\cnmple.tc normed linear spaces
and let T b@ linear trarisformation of X into Y.
Show that T is continuous if and only if its graph

is closed iIn X x Y. 8
State and prove the open mapping theorem. 8
Unit-1V

Let < x > beascquenceina normed space X. Then

show that

(i) Strong convergence implies weak
convergence with the same limit.

(ii) The converse of (a) is not generally true.

(iii) If dim X < <o, then weak convergence

implies strong convergence. 8

[PT.O.

(b)

8. (a)

(b)

(b)
(c)
(d)

(e)

(f)

(g)

(h)
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Prove that in a finite dimensional space, all norms

are equivalent. - _ 8

Show that every compact linear operator is
continuous. Also give example to show that

converse of this is not true. 8
Show that T : ¢ —-» £ defined by

Tx=y= m);x = 2—? is compact. 8
Section—V
State Uniform boundedness principle. 16

Give example of a non-reflexive space.
State Hahn-Banach extension theorem.

Define boundedness and norm of a linear
transformation. )

If X and Y are any two elements in a normed space
X, then show that

Hxd =yl s lix=yl

Define equivalent norms on a normed space. Also
give suitable example.

Show that sum of two compact linear operators is
again compact. Define equivalent norms,

Define Norms.
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